Considering the material properties to be one-dimensionally dependent, this paper studied an anti-plane problem for an embedded crack and edge crack perpendicular to the boundary of a functionally graded magneto-electro-elastic strip. The crack is assumed to be either magneto-electrically impermeable or permeable. Integral transform and dislocation density functions are employed to reduce the problem to the solution of a system of singular integral equations. Numerical results show the effects of the loading combination parameter, material gradient parameter and crack configuration on the field intensity factors and the energy release rates of the functionally graded magneto-electro-elastic strip.
Introduction
Composite materials consisting of a piezoelectric phase and a piezomagnetic phase simultaneously process piezoelectric, piezomagnetic and magneto-electric effects, and thus they have wide applications in microwave electronics, optoelectronics and electronic instrumentation (Van Run et al., 1974) . Due to multi-field coupled effects, a magnetic field may induce an electric field and an elastic field in a magneto-electro-elastic solid, and vise versa. The coupled properties of piezoelectric-piezomagnetic composites offer great opportunities for engineers to create intelligent structures and devices that are capable of responding to internal and/or environment changes. However, for piezoelectric-piezomagnetic composites, a main disadvantage is that they are very susceptible to fracture because of their brittleness. Owing to various causes, cracks or flaws are inevitably present in such magneto-electro-elastic materials. For a magneto-electro-elastic material with cracks subjected to 0020-7683/$ -see front matter Ó 2007 Elsevier Ltd. All rights reserved. doi:10.1016 All rights reserved. doi:10. /j.ijsolstr.2007 applied magneto-electro-mechanical loading, magneto-electro-elastic field concentration occurs near cracks, which probably rises high enough to cause crack advance, and finally leads to serious degradation of the performance of magneto-electro-elastic materials. To understand the failure mechanism of magneto-electro-elastic materials, the analysis of elastic, electric and magnetic behaviors in a cracked magneto-electro-elastic solid subjected to applied magneto-electro-elastic loading is prerequisite. Thus, in recent years, the study of magneto-electro-elastic materials with defects or crack has received considerable interests.
The magneto-elastic problem of straight cracks lying along the interface of two dissimilar soft ferromagnetic materials subjected to remote uniform magnetic induction was considered by Lin and Lin (2002) . The magneto-elastic coupling effect in an infinite soft ferromagnetic material with a crack was also studied by Liang et al. (2002) , the nonlinear effect of magnetic field upon stress and the effect of the deformed crack configuration were taken into consideration. Those papers only considered the coupling between the magnetic and elastic fields. Recently, Liu et al. (2001) investigated magneto-electro-elastic materials involving a cavity or a crack by including the electric field effects. Furthermore, Mai (2003, 2004) investigated the problems involving an anti-plane shear crack and a plane crack in a magneto-electro-elastic medium where the crack surface is assumed to be impermeable to electric and magnetic field, similar to the electric boundary condition at the crack surface used in treating crack problems of piezoelectric materials (Pak, 1990) . A similar anti-plane impermeable crack problem was also treated by Spyropoulos et al. (2003) , who assumed magneto-electric coupling coefficient of a magneto-electro-elastic solid to vanish. In contrast to the above analysis, using the permeable electric and magnetic boundary conditions at the crack surface instead of the impermeable boundary conditions, Gao et al. (2003a,b,c) studied the distribution of the magneto-electro-elastic field disturbed by a single crack and collinear cracks in a magneto-electro-elastic solid, and by an interfacial crack between two dissimilar magneto-electro-elastic media, respectively. They presented the explicit solutions for the electric/magnetic fields both inside and outside the cracks, and for the field intensity factors. The influence of magnetic field and electric field on crack growth in particular for crack initiation angle has been investigated under various boundary conditions including so-called mode I, mode II, and mixed mode crack by Song and Sih (2003) , and .
The penny-shaped crack problem in a medium possessing coupled electro-magneto-thermo-elastic was considered by Niraula and Wang (2006) . Li and Kardomateas (2006) investigated the mode III interface crack problem for dissimilar piezoelectro-magneto-elastic bimaterial media. The electro-magnetic field inside the crack was taken into account and closed form solutions were derived for impermeable and permeable cracks. Wang and Mai (2007) discussed the different electromagnetic boundary conditions on the crack-faces in magneto-electro-elastic materials, which possess coupled piezoelectric, piezomagnetic and magneto-electric effects. The influence of notch thickness on the field intensity factors at notch tips and the electromagnetic field inside the notch are obtained in closed-form.
On the other hand, the development of functionally graded materials (FGMs) has demonstrated that they have the potential to reduce the stress concentration and increase the fracture toughness. Consequently, the concept of FGMs can be extended to the magneto-electro-elastic materials to improve the reliability of magneto-electro-elastic materials and structures. These new kinds of materials with continuously varying properties may be called functionally graded magneto-electro-elastic materials. The advantages of using a device wholly made of the functionally graded magneto-electro-elastic materials or using the functionally graded magneto-electro-elastic materials as a transit layer instead of the bonding agent are that no discernible internal seams or boundaries exist. And no internal stress peaks are caused when the voltage is applied and the failure from internal de-bonding or stress peaks developed in conventional bimorphs can be avoided. Because the functionally graded magneto-electro-elastic materials are just emerging class of magneto-electro-elastic materials, researches on their fracture mechanical behaviors are still very few. To the best of the author's knowledge, so far the crack problem for the functionally magneto-electro-elastic material has not been considered except the work by Feng and Su (2006) , they studied the dynamic crack problem of functionally graded magneto-electro-elastic strip, but only considered the embedded crack problem.
In this paper, the anti-plane problem of a functionally graded magneto-electro-elastic strip containing an internal/edge crack perpendicular to the boundary is investigated. The material properties are assumed to vary exponentially along the x-direction. Two kinds of crack surface conditions, i.e., magneto-electrically impermeable and magneto-electrically permeable, are adopted. Integral transform technique is used to reduce the problem to the solution of singular integral equations. Numerical results are show graphically to illustrate the effects of loading combination parameter, material gradient parameter and crack configuration on the field intensity factors and energy release rates of the functionally graded magneto-electro-elastic strip.
Formulation of the problem
Consider an infinite functionally graded magneto-electro-elastic strip of the width h that contains a through crack of length b À a = 2a 0 laying along x-axis vertical to the boundary, as shown in Fig. 1 . The strip exhibits transversely isotropic behavior and is poled in z-direction. The anti-plane mechanical load and in-plane electric displacement and magnetic induction are applied on the crack surface. Thus, we consider only the out-ofplane displacement and the in-plane electrical field and magnetrical field, that is, 
where
oy 2 is the two-dimensional Laplace operator. For convenience of mathematics and similar to the method mentioned by Feng and Su (2006) , we assume 
are the known constants. The governing equations (5) can be expressed as
The constitutive relations Eq. (2) 
The mixed boundary value problem shown in Fig. 1 must be solved under the following conditions. For the magneto-electrically impermeable crack, the boundary conditions are s xz ð0; yÞ ¼D x ð0; yÞ ¼ B x ð0; yÞ ¼ 0; À1 < y < 1 ð 11aÞ s xz ðh; yÞ ¼D x ðh; yÞ ¼ B x ðh; yÞ ¼ 0; À1 < y < 1 ð 11bÞ
wðx; 0Þ ¼/ðx; 0Þ ¼ wðx; 0Þ ¼ 0; 0 6 x 6 a; b 6 x 6 h ð11dÞ
For the magneto-electrically permeable crack, the boundary conditions are
s xz ðh; yÞ ¼D x ðh; yÞ ¼ B x ðh; yÞ ¼ 0; À1 < y < 1 ð 12bÞ
wðx; 0Þ ¼0; 0 6 x 6 a; b 6 x 6 h ð12dÞ /ðx; 0Þ ¼wðx; 0Þ ¼ 0; 0 6 x 6 h ð12eÞ
And the electric displacement D y (x,0) and magnetic induction B y (x,0) on the crack surfaces consist of two components. The first is the imposed electric displacement ÀD 0 and magnetic induction ÀB 0 for D y (x,0) and B y (x,0). The second is the unknown caused by Às 0 for both of D y (x,0) and B y (x,0) (Feng and Su, 2006) .
Methods of solutions
Employing the Fourier transform on the variable x and the Fourier sine transform on the variable y and considering at infinity the quantity in Eq. (5) must limited, it can be shown that wðx; yÞ ¼ 1 2p
vðx; yÞ ¼ 1 2p
fðx; yÞ ¼ 1 2p
Where A j (s), B j (s), C j (s), (j = 1, 2, 3) are unknown functions to be determined and
Introducing the following dislocation density function
and applying Eqs. (13) and (6), we obtain Using Eqs. (9), (13) and (16) together with the boundary conditions (11), it follows that 
where the expressions of functions F j (s,t)(j = 1,2) are
By using the theory of residues, the integrals in Eq. (21) may be evaluated as follows: 
By using Eqs. (16) and (23) and the boundary condition (11), we obtain the following integral equations: 
For jsj ! 1 the asymptotic value of K 1 is
By adding and subtracting K 11 to and from the integrand, we find
½K 1 ðs; 0Þ À K 11 ðs; 0Þe isðtÀxÞ ds ð29bÞ
Note that the singular term (t À x) À1 is associated with an embedded crack in an elastic medium and leads to the standard square-root singularity for the unknown functions g i (t) (i = 1,2,3). It may be shown that for a > 0 and b < h, k 1 (x,t) and h 2 (x,t) remain bounded in the closed interval a 6 (x,t) 6 b. However, for the case of an edge crack, at a = 0, g i (t)(i = 1,2,3) are known to be nonsingular and the kernel h 2 (x,t) must contribute singular terms to make this possible. These singular term may again be separated by examining the asymptotic behavior of the integrand K 2 (s,x,t) in Eq. (27) for jsj ! 1. Thus, after some lengthy analysis the asymptotic value of K 2 for jsj ! 1 was found to be K 21 ðs; x; tÞ ¼ e ÀsðtþxÞ À e
Àsð2hÀtÀxÞ ð30Þ
Substituting y = 0 and evaluating the integrals, from Eqs. (27) and (30) 
The integral equations (25) may then be expressed as 
To solving the edge crack problem (a = 0) the last three term in (32) may be treated as Fredholm kernels (Chen and Liu, 2005) .
Solution of the singular integral equations
The two practical problems of interest, namely, the embedded and edge crack problems, require the solution of the integral equations (32) for an embedded crack (a > 0) and for an edge crack (a = 0), respectively. The solution of the embedded crack problem is rather straightforward. In this case, the interval a < x < b is normalized by defining
; a < ðt; xÞ < b; À1 < ðr; uÞ < 1 ð33aÞ g 1 ðtÞ ¼G 1 ðuÞ; g 2 ðtÞ ¼ G 2 ðuÞ; g 3 ðtÞ ¼ G 3 ðuÞ; a < ðt; xÞ < b; À1 < ðr; uÞ < 1 ð33bÞ
Às 0 e Àbx ¼f 1 ðrÞ; ÀD 0 e Àbx ¼ f 2 ðrÞ; ÀB 0 e Àbx ¼ f 3 ðrÞ; a < ðt; xÞ < b; À1 < ðr; uÞ < 1 ð33cÞ
and then the integral equations (32) would become 
We observe that the fundamental solution of (34) is w(u) = (1 À u 2 ) À1/2 , and hence the solution of the integral equation may be expressed as (Chen and Liu, 2005 )
where T n is the Chebyshev polynomial of the first kind and c 0 , where U n (r) is the Chebyshev polynomial of the second kind. Note that in Eq. (39) the integrals are the Gaussian type and may be evaluated quite efficiently. The simplest method for solving the functional equation in (39) is truncating the series and using a suitable collocation scheme (Erdogan et al., 1972 ). Since it is not possible to investigate the regularity of the corresponding infinite matrix, the convergence of the solution may be examined by varying the number of the term retained in the series. Because of the nature of the solution in this problem, it is preferable to concentrate the collocation point u k near the ends. They are, thus, chosen as
where N is the number of terms retained in the series.
Field intensity factors and energy release rates
After determining the coefficients c 1 , c 2 ,. . ., c N , d 1 , d 2 ,. . ., d N and e 1 , e 2 ,. . ., e N for the embedded crack problem, the stress intensity factors (SIFs), the electric displacement intensity factors (EDIFs) and the magnetic induction intensity factors (MIIFs) at the crack tips x = a and x = b may be defined and evaluated as 
From Eq. (39) it is easy to know that the SIFs, the EDIFs and the MIIFs are independent and that they can be obtained by solving Eq. (39), respectively. Namely, the SIFs, the EDIFs and the MIIFs are only related to the corresponding mechanical, electrical and magnetical loading. So that it should be noted that for the magneto-electro-elastically impermeable cracks, as electrical and/or magnetical load are applied, the SIFs cannot perfectly describe the fracture characteristics as in the purely elastic case. Therefore, the energy release rates (ERRs) G are introduced by calculating the work done in closing the crack tip over an infinitesimal distance. In accordance with the definition of the energy release rate proposed by Pak (1990) , after a similar deriving process carried out by Wang and Yu (2000) and Feng and Su (2006) 
For magneto-electrically permeable case, the singular integral equation and the single-valued condition can be derived by a similar method as
The electric displacement D y (x,0) and magnetic induction B y (x,0) on the crack surface can be obtained as
The field intensity factors and ERRs are, respectively 
As shown in Eqs. (50)- (52), for magneto-electrically permeable cracks, the material gradient parameter has the same influences on the SIFs, EDIFs and MIIFs. The ERRs, EDIFs and MIIFs are the functions of the SIFs, and all of them including the SIFs depend on not only mechanical loading but also material parameters. Both magnetical loads and electrical loads do not contribute to SIFs and/or ERRs, thus, the ERRs and SIFs are quite equivalent to be a fracture parameter. This is similar to the electrically permeable crack problem of piezoelectric (Wang and Yu, 2000) . In the absence of the mechanical loads, in other word, the material is in effect seamless as far as both the electric field and magnetic field are concerned, and the field will not be perturbed by the presence of the cracks (McMeeking, 1989) . It should also be noted that the SIFs will be quite in agreement with the magneto-electrically impermeable case, i.e., Eq. (41). This means the SIFs are related to the mechanical loads only.
Edge crack problem
For the case of an edge crack, a = 0 and the interval 0 < x < b may be normalized by defining
þ uÞ; 0 < ðt; xÞ < b; À1 < ðr; uÞ < 1 ð53aÞ g 1 ðtÞ ¼G 1 ðuÞ; g 2 ðtÞ ¼ G 2 ðuÞ; g 3 ðtÞ ¼ G 3 ðuÞ; 0 < ðt; xÞ < b; À1 < ðr; uÞ < 1 ð53bÞ
Às 0 e Àbx ¼f 1 ðrÞ; ÀD 0 e Àbx ¼ f 2 ðrÞ; ÀB 0 e Àbx ¼ f 3 ðrÞ; 0 < ðt; xÞ < b; À1 < ðr; uÞ < 1
Note that with the definition of u and r as given above, Eqs. (34) and (35) are still valid. However, in this problem K s is now singular with 1 uþr constitute a generalized Cauchy kernel which becomes unbounded as t and x approach zero simultaneously. Observing that u = À1 the unknown function G j (u) (j = 1,2,3) are bounded and the weight function of the solution is w(u) = (1 À u) À1/2 , the solution of the integral equation may be expressed as
The singularity of the integral equation may be removed by using the following relations 
Embedded crack problem
In this section, let's consider the embedded crack problem, namely, a > 0 and b < h. Firstly, we studied the effect of crack length when the crack located at the center of the strip, i.e., c/h = 0.5, where, c = (b + a)/2. Fig. 2 shows the variation of the normalized SIFs with relative crack length a 0 /h for different gradient parameter bh. The general feature of these curves is that, for the same crack length, k 3 (a) = K III (a)/K 0 decreases with the increasing of bh and k 3 (b) = K III (b)/K 0 increases with the increasing of bh. For the case with bh > 0, k 3 (b) is greater than k 3 (a). If bh = 0, k 3 (a) and k 3 (b) are equal to one. The results show the normalized SIFs are greater at the crack tip with stronger material property. The phenomena can also be observed from Fig. 2 that when bh P 0, the SIFs will increase with the increasing of relative crack length a 0 /h. Fig. 3 compares the normalized ERRs between the magneto-electrically impermeable and permeable case for embedded crack problem in the absence of magneto-electrical loading (k B = k D = 0). The values of ERRs corresponding to magneto-electrically impermeable cracks are smaller than corresponding to permeable cracks. There are no other distinct differences. Since both magnetical and electrical loading have no contribution to the EERs and/or SIFs for the magneto-electrically permeable cracks, the following part of this section will mainly concentrate on the impermeable case. And from these two figures, it can also be found that when bh P 0, the ERRs will increase with the increasing of relative crack length a 0 /h, and for the same crack length, ERRs will decrease with the increasing of bh.
Figs. 4 and 5 show the effects of the parameter k B and k D on the energy release rate for different material gradient parameter bh. From Fig. 4 , it can be found that, with the increase of the value of k B , the ERRs will increase. However, from Fig. 5 , it can be seen that with the increasing of k D , the value of ERRs will decrease.
The variations of normalized SIFs with c/h at two crack tips are plotted in Fig. 6 at different gradient parameter bh when a 0 /h = 0.1. The results show that, for larger bh the normalized SIFs at the weaker material side (k 3 (a)) become smaller and those at the stronger side (k 3 (b)) become larger.
Consider a special case when bh = ln1 = 0 and c/h = 0.5, which represents a homogeneous strip containing a center crack, the factors k 3 (a) and k 3 (b) are equal as expected.
The variations of normalized ERRs with c/h at two crack tips at a 0 /h = 0.1 are plotted in Fig. 7 and compares the normalized EERs between the magneto-electrically impermeable and permeable case in the absence of magneto-electrical loading (k B = k D = 0) for different gradient parameter bh.
Edge crack problem
The results of normalized SIFs for the edge-cracked functionally graded magneto-electro-elastic strip for different gradient parameter bh are plotted in Fig. 8 . Similar to the embedded crack case, with the increasing of relative crack length b/h, the SIFs will increase. And for the same crack length, normalized SIFs k 3 (b) increases with the increasing of bh. Fig. 9 compares the normalized EERs between the magneto-electrically impermeable and permeable case for edge crack problem in the absence of magneto-electrical loading (k B = k D = 0). Conclusion similar to the embedded crack case can be obtained, namely, the values of ERRs corresponding to magneto-electrically impermeable cracks are smaller than corresponding to permeable cracks. And the ERRs will increase with the increasing of the relative crack length b/h and for the same crack length, the ERRs will decrease with the increase of gradient parameter bh. Fig. 10 shows the effects of the parameter k D on the normalized energy release rate G(b)/G 0 when the material gradient parameter bh = 0 and the loading combination parameter k B = 0.5. It can be seen that with the increasing of k D , the normalized ERRs will decrease for the same crack length. However, with increasing of b/ h, the ERRs will also increase. Fig. 11 shows the effects of the parameter k B on the normalized energy release rate G(b)/G 0 for different material gradient parameter bh under k D = 0.5. It can be seen that with the increasing of k B or b/h, the normalized ERRs will increase, however, with increasing of gradient parameter bh, the ERRs will decrease. Fig. 12 shows the effects of the directions both the magnetical and electrical loads on the normalized energy release rate G(b)/G 0 when the material gradient parameter bh = 0.
From Figs. 10-12, it can be seen that, for the magneto-electrically impermeable cracks, the loading combination parameters have significant and different influences on the normalized ERRs. According to maximum energy release rate criterion, magnetical loads always enhance the crack propagation, and the cracks are easier to propagate under positive magnetical loads than under negative magnetical loads. However, electric displacement loads always impede the crack propagation, and the negative electrical loads effectively inhibit crack propagation compared with positive electrical loads.
Conclusions
Integral transform and singular integral equation method can be used effectively to solve the crack problem of functionally graded magneto-electro-elastic strip subjected to magneto-electro-elastic loading. From the numerical results, several conlusions for both the embedded crack and edge crack can be obtained:
(1) For the magneto-electrically impermeable cracks, the SIFs, the EDIFs and MIIFs are, respectively, related to applied mechanical loads, electrical loads and magnetical loads only. The ERRs depend on both applied loads including mechanical, electrical and magnetical loads and material parameters. (2) For the magneto-electrically permeable cracks, both magnetical and electrical loads have no contribution to ERRs and field intensity factors. (3) In general, the value of the normalized ERRs for magneto-electrically permeable cracks are generally higher than that impermeable case under only mechanical loading. (4) Although the increase of material gradient parameter b h is possible to lead the value of stress intensity factor to increase or decrease at different crack tips, its increase is always helpful to reduce the value of energy release rate and impede the crack extension. (5) When the materials gradient parameter bh is greater than zero, the crack tip at stiffer side is harder to extend even if the relative crack length (b À a)/h increase. (6) For the magneto-electrically impermeable cracks, the loading combination parameters have significant and different influences on the normalized ERRs. According to maximum energy release rate criterion, magnetical loads always enhance the crack propagation, and the cracks are easier to propagate under positive magnetical loads than under negative magnetical loads. However, electric displacement loads always impede the crack propagation, and the negative electrical loads effectively inhibit crack propagation compared with positive electrical loads.
